The Earth (more precisely, the 'geoid' thereof) is known to approximate closely to a slightly oblate spheroid whose unique axis coincides with the Earth's axis of rotation [1, 2] . (By 'spheroid' is meant is an ellipsoid of revolution, i.e. one with two semi-axes equal; a slightly oblate one has these two semi-axes slightly longer than the unique one.) To the nearest km, the diameter of the 'geoid' pole-to-pole is 43 km less than the equatorial diameter of 12756 km. There is a reduction of practical significance (0.527%) in the acceleration of free fall" at sea level between the poles and the equator, and therefore in the weight of objects. Of this, 0.345% derives directly from the rotation of the Earth"; the balance of 0.182% results from the purely gravitational effect of the Earth's deviation from sphericity.
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Introduction
The Earth (more precisely, the 'geoid' thereof) is known to approximate closely to a slightly oblate spheroid whose unique axis coincides with the Earth's axis of rotation [1, 2] . (By 'spheroid' is meant is an ellipsoid of revolution, i.e. one with two semi-axes equal; a slightly oblate one has these two semi-axes slightly longer than the unique one.) To the nearest km, the diameter of the 'geoid' pole-to-pole is 43 km less than the equatorial diameter of 12756 km. There is a reduction of practical significance (0.527%) in the acceleration of free fall" at sea level between the poles and the equator, and therefore in the weight of objects. Of this, 0.345% derives directly from the rotation of the Earth"; the balance of 0.182% results from the purely gravitational effect of the Earth's deviation from sphericity.
It was Newton in Principia [3] who famously made the first step towards this modern understanding of the shape and gravity of the Earth. He obtained qualitatively correct results on the assumption that the Earth was of uniform density.
A preliminary step in his calculation was to compute (with good accuracy) the acceleration due to gravity at the poles and equator of a slightly oblate non-rotating spheroid a/uniform density.
To obtain good quantitative agreement with the values quoted in the first paragraph of this section, Newton's successors abandoned the assumption of uniform density (the real Earth has a metallic core and a mantle and crust of much less dense oxides) [2] . Nevertheless, from a mathematical point of view, the gravitational properties of a non-rotating body of uniform density are worth pursuing. The present paper poses and solves two optimisation problems which were not considered by Newton and which, as far as the author is aware, have not been considered by others. They concern how a hypothetical planet-builder can make best use of a given amount of incompressible uniform material if he wishes to obtain, if only at one or two points on the surface, the maximum acceleration due to gravity. The planet-builder is also granted planet rigidity; he can form the planet into the shape he chooses, without worrying that the planet will under its own gravity revert to being a sphere. The first optimisation problem constrains the planet-builder to form the material into a spheroid (of any
• The acceleration of free fall is commonly referred to simply as the acceleration due to gravity, but on the Earth it is exclusively gravitational in origin only at the poles. The acceleration of free fall is exclusively gravitational in origin also anywhere on the surface of a non-rotating body.
t Imagine a mass sitting on the pan of a spring balance at the equator. The reaction of the pan to the mass (which is the measured weight) must be less than the purely gravitational force on the mass if the mass is to continue in its circular motion.
degree of oblateness); the second imposes no constraint on the form, and therefore is a 'calculus of variations' problem [4, 5, 6] . It will be seen that the solution to the first problem is a surprisingly oblate spheroid, with the acceleration due to gravity maximised at the two poles. It will be seen that the solution to the second problem is a particular ovoid of revolution, also surprisingly flattened, with the acceleration due to gravity highest at the pole at the blunt end. Before addressing the two problems, it is useful to consider, in known manner, a non-rotating sphere of radius rs of uniform incompressible material of density p. The acceleration due to gravity at a distance r (r ;,. rs) from the centre of the sphere is ¥Gpr;
in which the numerator is the mass of the sphere times the universal gravitational constant G, and the denominator is the inverse square law term. The essential point (originally due to Newton) is that the sphere can he treated as if its entire mass were concentrated at its centre [7] .
From (1) it follows that the acceleration due to gravity anywhere on the surface of the sphere (r = rs) is It is almost self-evident that the acceleration due to gravity on the surface of a spheroid will not be equivalent, as it is for a sphere, to that exerted by a point of the same mass located at the centre. Also, it is almost self-evident that its value at the two poles (gp) will be different from that at the equator (gE), although it is not self-evident what the sense of the difference will be. ) for 0 Et; f Et; 0.99%, is believed to be a better approximation than equation (4), but the difference is not great.
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As is necessary, equations (3), (4), and (4*) agree with (2) iff = O. It is immediately evident from (3) and (4) or (4*) that B» > gE for slightly oblate spheroids of uniform density (as indeed is the case for the real Earth). It can readily be shown from (3) that, if our planet-builder starts with an initial sphere comprising a given amount of uniform incompressible material and flattens it continuously through a series of spheroids, gp increases withf up tof = 0.99%'. It is evident on other grounds (see the last paragraph of this section) that, if the body is flattened extremely so that f -7 1, gp -7 O. Therefore, there must be a value of f between 0.99% and 1 for which s» is a maximum, and which is the answer to the present problem. To discover this value, we need an expression for gp which, unlike that in equation (3), is valid for the entire range 0 " f " 1.
Deriving an expression for sr which is valid for the entire range 0 "f" I
We begin by calculating (in known manner) the acceleration due to the gravity of a circular disc (radius ro, thickness t, density p) at point Q, a distance q (q » t) along the axis perpendicular to the disc (see Figure 2 ). The acceleration due to an annulus of the disc of radius r to (r + dr) is directed along the axis towards the centre of the disc and is
q + r vq + r q + r in which the first expression in square brackets is the mass of the disc times G, the second is the inverse square law term, and the third is the cosine of the angle between the axis and the line from any element of the ring and the point Q. Integrating between r = 0 and r = ro, we obtain
Gravitational attraction on the axis perpendicular to a disc Now referring to the spheroid in Figure 3 , we see from equation (6) that the contribution to the gravitational acceleration at the pole (0, 0, c) from a circular disc of the spheroid of thickness dq is directed in the -z direction and is given by , It can likewise be readily shown from (4) or (4*) that gE meanwhile decreases. The section of the spheroid in Figure 3 is an ellipse, so that Rearranging (8) gives
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In which K = 2'
2' where f is the polar flattening. (12c) Equation (12b) was obtained by use of two tabulated standard integrals [8] . These, and the author's working, were checked by comparing (12b) with numerical evaluation of the definite integral in (10) for various values of x, Equation (12b) approaches equations (12a) and (12c) in the respective limits as it must.
Equations (11), (12a, b, c) constitute the desired expression for gp valid for 0~/~1. Before we proceed to use these equations to solve the present optimisation problem, we will use them to show, in the following 
Identification a/the maximum
We return to our planet-builder who starts with an initial sphere comprising a given amount of uniform incompressible material and flattens it continuously through a series of spheroids. If the initial sphere has radius r» and volume V, so that by equation (2) the acceleration due to gravity at any point on the surface is gx = 1v(~r Gp. 
Substituting (14) into (11) gives These surprising results were •sanity-checked' by use of an object chosen to be a simple-to-calculate very crude approximation to a very oblate spheroid, namely a central sphere surrounded by an equatorial ring of six spheres of half the diameter in contact with it. This object, (ii) in Figure 6 , has at its poles an acceleration due to gravity which is 1.021 325 times that at any point on the surface of a sphere of the same volume, if both consist of the same amount of incompressible uniform material. This is despite the fact that the relative dimensions of the central sphere and of the equatorial spheres were chosen arbitrarily, so that there is no reason to suppose that the object is optimal in its class (central spheres surrounded by an equatorial ring of smaller spheres in contact with it).
PLAN ELEVATION (i)
(ii) FIGURE 6: Drawn to scale, another surprisingly flat object (ii) which 'outperforms' a sphere (i) made of the same amount of incompressible uniform material.
The reader will note in Figure 4 that, as f~1, the acceleration due to gravity at the poles falls towards zero; as the fixed amount of material becomes more and more widely spread out in the .xy plane, each element of it contributes less and less to gp (directed in the -z direction) by virtue of both the inverse square law term and the cosine term.
Second optimisation problem ('best form without constraint'), a calculus of variations problem
The surprising results in Section 2 stimulate us to pose the following further problem:
'Given complete freedom to shape a rigid non-rotating planet from a fixed amount of incompressible uniform material, how can the planet-builder obtain the maximum acceleration due to gravity from the fixed amount of material, if only at one point on the surface?' Although, as previously noted in Section 1, this problem is an optimisation problem of calculus of variations type, it can be solved, as follows, without use of the general methods in the calculus of variations described in [5] and [6] . In this sense, it resembles problems discussed in [4] . In Figure 7 , the component in the -z direction of the acceleration due to gravity at point P (0, 0, 0) caused by a mass m at point S (x, 0, -q) is Because of the rotational symmetry about the z-axis, sr of the planet formed by procedure (A), (B) is directed in the -z direction (i.e. the components in the x and y directions are zero).
Our planet-builder can achieve the same result as from the procedure (A), (B) more directly as follows. He calculates the value of D such that the volume of the ovoid of revolution is equal to V, and shapes the material into the ovoid uniquely characterised by the D he has calculated. We will now proceed along this line of thought with reference to the ovoid shown in Figure 8 .
Consider a circular disc of radius ro and thickness dq perpendicular to the z-axis. The contribution of this disc to the volume of the ovoid is
(18) Equation (7) applies to the ovoid just as to the spheroid of Figure 3 , so that the contribution of the disc to the acceleration due to gravity at P is From equations (13) and (22), we obtain the ratio of the acceleration due to gravity at the pole P of the ovoid to that on the surface of a sphere of the All the optimal ovoids are geometrically similar, regardless of V, p, and G, and there is a unique optimal ovoid for each V.
As expected, equation (23) shows that the ovoid 'outperforms' not only a sphere of the same volume but also both the arbitrary object in Figure 6 (gpl gx = 1.021 325) and the optimal spheroid, (ii) in Figure 5 (gp I gx = 1.022 039). There can exist no body of the same volume which outperforms the ovoid. Likewise, there is no point on the surface of the ovoid which has an acceleration due to gravity higher than at point P. Note that, whereas the two poles of any spheroid are equivalent, the ovoid has a blunt end with pole P at which the acceleration due to gravity is highest and also a sharp end with pole P'. Figure 9 summarises the results obtained in this paper. A hypothetical planet-builder begins with a sphere of incompressible uniform material as in (a). If he slightly flattens it in the vertical direction to form a spheroid, the acceleration due to gravity at the two poles increases; this much can be deduced by applying the approximation obtained by Newton for slightly oblate (flattened) spheroids in the course of his work on the shape and gravity of the Earth. In this paper, an analytical expression is derived which is exact beyond the useful range of Newton's approximation, indeed for the full range of polar flattening. The acceleration due to gravity at the pole continues to increase over a remarkable range of further flattening until the planet is the spheroid shown in (b) (identical that of with Fig 5( ii», whereafter it decreases. The highest possible acceleration due to gravity that is achievable with the original material is at the 'north' pole P of the ovoid shown in (c) (geometrically similar to that of Figure 8 ). The ovoid, I 2 units ., (a) (c) AGURE 9: Elevation of a sphere, a spheroid with optimal! = 0.28047, and an optimal ovoid of the type identified, all of the same volume, drawn to scale in elevation. The vertical axis on the paper (joining the poles) is the axis of revolution of the spheroid and the ovoid.
Conclusion
like the optimal spheroid, is surprisingly flattened, especially 'north' of its 'equator'. The determination of this ovoid is a 'calculus of variations' problem, but is achievable without use of the general methods in the calculus of variations.
